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Compressed frictional granular matter cannot flow without dilation. Upon forced shearing to
generate flow, the amount of dilation may depend on the initial preparation and a host of material
variables. On the basis of both experiments and numerical simulations we show that as a result of
training by repeated compression-decompression cycles the amount of dilation induced by shearing
the system depends only on the shear rate and on the (pre-shearing) packing fraction. Relating
the rheological response to structural properties allows us to derive a scaling law for the amount
of dilation after n cycles of compression-decompression. The resulting scaling law has a universal
exponent that for trained systems is independent of the inter-granules force laws, friction parameters
and strain rate. The amplitude of the scaling law is analytically computable, and it depends only
on the shear rate and the asymptotic packing fraction.
I. INTRODUCTION
Compressed granular media, with or without friction,
are jammed, and cannot flow without dilation [1–4]. Sub-
jected to shear rate by external forces, such media dilate,
reducing the packing fraction in regions that participate
in flows. The dilation may be very inhomogeneous, and
may depend on a host of parameters that characterize the
granular assembly. Understanding the resulting rheology
is complicated due to the inherent properties of granu-
lar matter, like frictional losses, arching, segregation and
thixotropy [5]. These complications result in a paucity of
universal results, and the literature of frictional granular
rheology at finite strain rate offers a bewildering array
of particular examples that are not easy to comprehend,
resisting attempts to organize and systematize [6–9]. In
this paper we do not attempt to add to the existing lit-
erature on dilation per se. There exist an extensive list
of papers that provide very useful studies of the phe-
nomenon, see for example Refs. [10–15]. Our aim here
is to discuss the effects of aging that results from cyclic
training of the system before shear rate is applied. Appar-
ently this aspect of the problem had not been considered
before.
In recent studies it became apparent that some univer-
sal results can be gleaned by training the system under
repeated cycles of compression-decompression [16–18],
building a memory that “cleans” the system from ran-
dom effects present in “as compressed” frictional granu-
lar systems. For example it was shown that the packing
fraction converges under repeated cycles to an asymp-
totic value following a universal law [19]. Another exam-
ple is the universal giant friction slip event that occurs
when the pressure goes to zero upon unjamming [20].
Here we follow on this line of reasoning and study the
dilation induced by shear rate after training the system
by n compression-decompression cycles. Indeed we find
an enormous simplification resulting in a universal power
law that characterizes the amount of dilation observed af-
ter training with n cycles. The power law indicates that
training and memory result in the amount of dilation
becoming a function of the strain rate and the packing
fraction only. (Here we refer to the packing fraction be-
fore shearing is applied). The exponent of the scaling
law is independent of the working pressure, the strain
rate, the friction parameters and the force laws between
granules.
The paper is organized as follows: in Sect. II we in-
troduce the main ideas needed for the present study; we
review briefly some recent results on training and mem-
ory formation. In Sect. III we describe the numerical
simulations of dilation under shear, and present the the-
ory and the numerical data for the universal scaling law
for the dilation after n cycles of training. In Sect. IV we
describe the experiments that provide further support for
the universality of the main power law discovered in this
paper. Sect. V present a summary and some concluding
remarks.
II. TRAINING BY
COMPRESSION-DECOMPRESSION CYCLES
When frictional granular media are trained by cyclic
loading and unloading [18, 19, 21, 22] memory is intro-
duced in the system. Here we refer to training by uniaxial
compression until the pressure reaches a maximal value
Pmax after which the the system is decompressed back to
zero pressure, and then compressed again. In our exper-
iments and numerical simulations compression and de-
compression are achieved by one moving wall and “pres-
sure” always refer to the external pressure on this moving
wall. In each cycle the packing fraction is increased until
it reaches an asymptotic limit. During compression and
decompression dissipation leads to hysteresis, but with
repeated cycles the dissipation diminishes to a finite limit
and the system retains memory of an asymptotic loaded
state that is not forgotten even under complete unload-
ing. An example of such training protocol as observed in
numerical simulations [19] is shown in Fig. 1. Similar ex-
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FIG. 1. (Color online). Typical hysteresis loops obtained nu-
merically upon uniaxial n cycles ofcompression and decom-
pression of an amorphous configuration of frictional disks.
Here an assembly of disks with binary sizes are compressed
from above in the presence of gravity. The pressure P is on
the upper piston, measured in dimensionless units of mg/d,
see text for details. The packing fraction Φ is dimensionless.
Compression legs are in red and decompression in green. The
n axis is provided for clarity, since the hysteresis curves are
more compressed than in cyclic training without gravity, see
[19].
perimental training protocols were described for example
in Ref. [19].
Associated with the reduced dissipation and the in-
crease in memory one finds a universal power law in the
packing fraction Φn after the nth cycle. This scalings is
expected to hold irrespective of the details of the micro-
scopic interactions. In every compression leg of the cycle
the system compactifies, until a limit Φ value is reached
for the chosen maximal pressure. To quantify this pro-
cess we can measure the volume fraction Φn(Pmax) at
the highest value of the pressure in the nth cycle. Define
then a new variable
Xn ≡ Φn+1(Pmax)− Φn(Pmax) . (1)
This new variable is history dependent in the sense that
Xn+1 = g(Xn) where the function g(x) is unknown at
this point. This function must have a fixed point g(x =
0) = 0 since the series
∑
nXn must converge; for any
given chosen maximal pressure there is a limit volume
fraction that cannot be exceeded. Near the fixed point,
assuming analyticity, we expect the form
Xn+1 = g(Xn) = Xn − CX
2
n + · · · . (2)
The solution of this equation for n large is
Xn =
C−1
n
. (3)
A direct measurement of Xn as a function of n in the
present simulations which are recorded below is shown
in the log-log plot presented in Fig. 2. In Ref. [19] one
can find arguments and evidence for the generality of this
power law and for the existence of a fixed-point asymp-
totic reversible loop.
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FIG. 2. Log-log plot of Xn ≡ Φn+1(Pmax)− Φn(Pmax) vs. n.
The black dots are the data, the solid line is the theoretical
inverse power law prediction. The data corroborates Eq. (3).
III. DILATION UNDER SHEAR: SIMULATIONS
A. preparation
The granular system that we simulate consists of disks
of mass m = 1 and diameters d = 1 and 1.4d in equal
numbers. To prepare the system for shear and dilation
we begin with a “box” of fixed horizonal length (in the
x direction) of 60d and a height (in the y direction) of
160d. To start, 2000 small and 2000 large disks are placed
randomly without overlaps. The upper wall has a mass
M = 100 that is free to move; gravity is chosen such that
g = 1. The moving upper wall and the fixed lower wall
are made of particles of identical properties and diame-
ters in the continuous range of [d, 2d]. Applying periodic
boundary condition in the horizontal direction we now
apply a small pressure P on the upper wall. We simulate
the system using molecular dynamics with Hertz normal
forces and Mindlin tangential forces as described below.
We solve Newton’s equations of motion with linear damp-
ing in the velocities of the disks. For a given pressure
the simulation continues until mechanical equilibrium is
reached. The pressure is then increased in small steps
followed by equilibration until the desired final pressure
is obtained. An example of an initial configuration is
shown in Fig. 3.
The contact fores (both the normal and tangential
forces which arises due to friction) are modeled accord-
ing to the DEM (discrete element method) developed by
Cundall and Strack [23]. Implementation of static fric-
tion is done via tracking the elastic part of the shear dis-
placement from the time contact was first formed. When
the disks are compressed they interact via both normal
and tangential forces. Particles i and j, at positions ri, rj
with velocities vi,vj and angular velocities ωi,ωj will ex-
perience a relative normal compression on contact given
by ∆ij = |rij −Dij |, where rij is the vector joining the
centers of mass and Dij = Ri + Rj ; this gives rise to
a normal force F
(n)
ij . The normal force is modeled as a
3FIG. 3. (Color online). An example of a typical initial config-
uration in the numerical simulation. The blue disks are the
large ones and the green the small ones. Red disks are glued
to the walls.
Hertzian contact, whereas the tangential force is given
by a Mindlin force [23]. Defining R−1ij ≡ R
−1
i +R
−1
j , the
force magnitudes are,
F
(n)
ij =kn∆ijnij −
γn
2
vnij , F
(t)
ij =−kttij −
γt
2
vtij (4)
kn = k
′
n
√
∆ijRij , kt = k
′
t
√
∆ijRij (5)
γn = γ
′
n
√
∆ijRij , γt = γ
′
t
√
∆ijRij . (6)
Here ∆ij and tij are normal and tangential displace-
ment; nij is the normal unit vector. k
′
n = 2 × 10
5 and
k
′
t = 2k
′
n/7 are spring stiffness for normal and tangential
mode of deformation: γ
′
n = 50 and γ
′
t = 50 are viscoelas-
tic damping constant for normal and tangential deforma-
tion. vnij and vtij are respectively normal and tangential
component of the relative velocity between two particles.
The relative normal and tangential velocity are given by
vnij = (vij .nij)nij (7)
vtij = vij − vnij −
1
2
(ωi + ωj)× rij . (8)
where vij = vi − vj . Elastic tangential displacement tij
is set to zero when the contact is first made and is calcu-
lated using
dtij
dt
= vtij and also the rigid body rotation
around the contact point is accounted for to ensure that
tij always remains in the local tangent plane of the con-
tact [24].
The translational and rotational acceleration of parti-
cles are calculated from Newton’s second law; total forces
and torques on particle i are given by
F
(tot)
i =
∑
j
F
(n)
ij + F
(t)
ij (9)
τ
(tot)
i = −
1
2
∑
j
rij × F
(t)
ij . (10)
The tangential force varies linearly with the relative tan-
gential displacement at the contact point as long as the
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FIG. 4. A typical trajectory of δ(t) after 9 training cycles.
Here P = 5, γ˙Ly(0) = 0.1 and the friction coefficient µ = 0.1.
tangential force does not exceed the Coulomb limit
F
(t)
ij ≤ µF
(n)
ij , (11)
where µ is a material dependent coefficient. When this
limit is exceeded the contact slips in a dissipative fashion.
In our simulations we keep the magnitude of tij so that
F
(t)
ij = µF
(n)
ij . The direction of tij is allowed to change if
further slip takes place.
B. Shearing and Dilating
Having compacted the granular medium through a cer-
tain number of cycles, we next examine what happens if
this same medium is subjected to a shear strain at a rate
γ˙ on its upper surface. Flow is possible only by dilating
the material especially close to the upper moving wall
[6–9]. Denoting the rest height of the box by Ly(0) we
measure the actual height of the upper wall which is a
function of time and the shear rate, denoted as Ly(t, γ˙).
The dilation is now denoted by δ(t, γ˙) where
δ(t, γ˙) ≡ Ly(t)− Ly(0) . (12)
The time dependence of δ(t) is quite complex. A typical
trajectory of this quantity is shown in Fig. 4. Obviously,
the trajectory indicates some noisy periodicity around
some average. To extract the dominant frequency of the
response of the upper wall we can compute the Fourier
transform of this trajectory,
S(f) ≡
1
500
∫ 700
t=200
dt [δ(t, γ˙)− 〈δ〉(γ˙)] ei2pift , (13)
〈δ〉(γ˙) ≡
1
500
∫ 700
t=200
dt δ(t, γ˙) . (14)
The limits of integration were chosen to eliminate the
initial rise to a ‘steady state’ and to ensure convergence
of the result. Averaging such spectra over 50 indepen-
dent initial configurations results in a typical spectrum
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FIG. 5. A Fourier transform of the trajectory shown in Fig. 4.
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FIG. 6. (Color online). The dependence of the average di-
lation on shear rate and friction coefficient. This data was
obtained with 2000 particles as in the experiment below.
as seen in Fig. 5. The spectrum is dominated by one
typical frequency. The nature of this frequency and its
dependence on shear rate are interesting by themselves,
but they fall outside the scope of the present paper. We
only note in passing that the principal frequency (the
main peak in Fig. 5) is fully understandable as a result
of the excitation of the primary bulk elastic mode of the
system.
Having computed the average dilation 〈δ〉(γ˙) we can
next examine its dependence on the parameters of the
model. The average dilation obviously depends on the
many variables, including the packing fraction, the shear
rate, the friction coefficient etc. For a given packing frac-
tion we can study the dependence on the shear rate and
the friction coefficient. Typical results are presented in
Fig. 6. One sees that the average dilation increases with
shear rate. In fact the dependence of the dilation on the
shear rate when γ˙ → 0 appears to be non-analytic. The
discussion of this non-analyticity is interesting but will
be defer to a future publication. We also note that the
amount of dilation reduces with the friction coefficient,
leading to convergence in the plot for µ > 0.3.
The question that remains is how can we obtain data
collapse and universal statements about the dilation un-
der shear. To this aim we need to develop a bit of theory.
C. Data Collapse and Universal Laws
1. Cyclic Training
Motivated by the universal scaling laws for the pack-
ing fraction as described in Sect. II and Fig. 2 we study
next the physics of dilation in cyclically trained systems.
The cyclic training is achieved by uniaxial straining such
that the pressure is increased by pushing down the up-
per wall in quasistatic fashion until we reach a maximal
chosen pressure; in the present simulations this pressure
is Pmax = 100. After each compression step, the system
is allowed to relax to reach a new mechanical equilib-
rium. After a full compression leg, a cycle is completed
by decompressing back to zero pressure, where the next
compression cycle begins. The packing fraction Φ is mon-
itored throughout this process. Each such cycle traces a
hysteresis loop in the P − Φ plane, see Fig. 1 as an ex-
ample.
The measurements of average dilation will be made
now after n − 1 cycles. The system is decompressed to
zero at the n−1’th cycle, and then compressed again to a
chosen value of the pressure Pw. At that pressure we then
strain the system at a given strain rate γ˙ to measure the
average dilation. To get better statistics we repeat the
whole procedure to obtain 〈δn〉(γ˙) averaged over many
realizations.
To achieve universal results it is always prudent to
work with dimensionless quantities. Thus instead of
working with 〈δn〉(γ˙) we opt to define a new, related
quantity which is dimensionless. To define this dimen-
sionless quantity denote by Φn(Pw) the packing fraction
associated with the unstrained systems in the nth cycle.
After settling into the steady state with a give shear rate
γ˙ the asymptotic average packing fraction is denoted as
Φ∗n (Φn(Pw), γ˙). The dimensionless dilation is then
D(Φn(Pw), γ˙) ≡
[ Φn(Pw)
Φ∗n(Φn(Pw), γ˙)
− 1
]
. (15)
Needless to say, besides being dimensionless the depen-
dence of this measure on the shear rate and on the fric-
tion coefficient remains identical to the data shown in
Fig. 6. To simplify the notation we use below Dn(γ˙) ≡
D(Φn(Pw), γ˙).
2. Universal scaling law
Having at our disposal the universal scaling law for the
series Xn it is natural to consider the series of differences
5in dimensionless dilations Dn+1−Dn. The main result of
this subsection will be the series of these differences can
be re-scaled to become (for large n) independent of γ˙, the
initial pressure, the friction coefficient etc. To see how to
achieve this simplification we note that after many cycles,
when Φn → Φ∞, we can write
Dn+1(γ˙)−Dn(γ˙) ≈ D
′(Φ∞, γ˙)Xn ≈
D′(Φ∞, γ˙)/C
n
.
(16)
where D′(Φ∞, γ˙) = dD(Φ, γ˙)/dΦ|Φ=Φ∞ . Besides the
immediate consequence that dilation difference tends to
zero as 1/n, we also predict that the amplitude of this
scaling appears to be a universal coefficientD′(Φ∞, γ˙)/C.
Since C is known from the data on the packing fraction
itself, we need here to examine the coefficient D′(Φ∞, γ˙).
To compute the coefficient we start from Eq. (15) and
write
ΦnD
′(Φ, γ˙) = [1 +D(Φn, γ˙)]− [1 +D(Φn, γ˙)]
2dΦ∗n/dΦn.
(17)
Now if we assume that as n → ∞ the granular medium
looses its memory of its initial condition then we would
expect that dΦ∗n/dΦn → 0 and asymptotically we will
find
D′(Φ∞, γ˙) ≈
[1 +D(Φ∞, γ˙)]
Φ∞
. (18)
and the asymptotic scaling of the dilation can be written
as
Dn+1(γ˙)−Dn(γ˙) ≈
[1 +D(Φ∞, γ˙)]/(Φ∞C)
n
. (19)
Finally, denoting
A−1 ≡ [1 +D(Φ∞, γ˙)]/(Φ∞C) , (20)
we expect that A[Dn+1 − Dn] should become indepen-
dent of any parameter in the problem yielding a universal
power law 1/n. This prediction is tested against the nu-
merical simulations and the results are shown in Fig. 7.
We find that instead of unity the pre-factor is close to 1.2.
Of course constants of the order of unity are permissible
in this theory.
IV. DILATION UNDER SHEAR:
EXPERIMENTS
A. Setup Description
The experimental setup (see fig. 8) is a variant of the
uni-axial compression setup presented in Ref. [19]. It is
comprised of a quasi-2D rectangular cell of length L =
0.5m and width W = 1m filled with a bidispersed set of
of photoelastic disks (diameter 1 cm and 1.5 cm) in equal
proportion. The disks were prepared in-house by curing
liquid polymer where the modulus and friction coefficient
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FIG. 7. (Color online). A[Dn+1−Dn] vs n. The line is a best
fit reading 1.18n−1.03 . The data shown are for µ = 0.1 but
for other values of µ the re-scaled data collapse on the same
curve.
FIG. 8. (Color online) Schematic of the granular shear dila-
tion experimental setup.
could be tuned independently; details of disk preparation
are presented in Ref. [25].
The two boundary walls separated by width (W ) were
held fixed while the opposing boundaries separated by
length (L) were movable. The bottom movable wall
shown in the schematic fig. 8 was used to achieve uni-
axial compression from one end while the opposing wall
was used to shear the system. At any given time, only
one of these two walls was movable while holding the
opposing wall fixed. The bottom wall employed in uni-
axial compression was controlled by a motorized trans-
lation stage with 500 nm precision using home-built ca-
pacitive displacement sensors; full implementation details
and translation protocols are given in supplemental infor-
mation of Ref. [19]. During the initial uni-axial compres-
sion and decompression cycles, the upper shear boundary
had its linear bearings clamped rigid by electromagnetic
actuators. After completion of the uni-axial compression
and decompression cycles for training the granular con-
6figuration, the bottom uni-axial compression boundary
was clamped rigid and the upper shear boundary had its
electromagnetic clamps turned off. The shear boundary
consisted of an aluminum plate with two rollers at each
end (please see fig. 8) with a belt drive running along
the width (W ) and looping around the rollers. Disks
of small diameter (1 cm) were stuck to the belt (green
disks in schematic fig. 8). Both rollers were connected
by individual belt drives to a stepper motor that was
placed separately, i.e. decoupled from the setup, so that
vibrations from the stepper did not perturb the granular
setup. We note an experimental design trade off in using
stepper motors as against servo motors. Whereas DC
servo motors provide excellent speed (shear rate) control
characteristics, they stall when the load increases on the
belt drive due to dilation. Stepper motors on the other
hand handle very high torques but can only operate at
low speeds (shear rates). This design constraint necessi-
tating the use to stepper motors limits the experimental
range of shear rates below that achieved in the numerical
simulations reported here.
When the electromagnetic clamps were not actuated,
the shear boundary could move uni-axially by means of
two high lubrication linear bearings at either end of the
boundary. Two soft compression springs were placed be-
tween the rigid (Fixed) frame and the movable aluminum
plate holding the shear belt drive to provide nominal uni-
axial compressive force to the shear boundary. This was
necessary so that the shear boundary would not decouple
completely and move away from the granular pack due to
dilation during shear. Soft springs provide the nominal
compressive force of 2.6 N sufficient to keep the shear
boundary in contact with the granular pack, but be-
ing soft they do not impact dilation within measurement
tolerance of dilation. The displacement due to dilation
was measured using a home-built parallel place capacitive
displacement sensor mounted on the fixed and movable
shear boundaries as shown in the schematic (fig. 8). Stray
field from the linear bearings’ electromagnetic clamps in-
troduced noise in the capacitive displacement sensor, for
this reason the precision in dilation displacement is of
order 1 micrometer. Be that as it may, since the max-
imum dilation displacement observed in our measure-
ments never exceeded 0.5 cm, perhaps owing to low shear
rates, assured that the 1 micrometer displacement preci-
sion was comfortable.
Before closing description of the experimental setup,
we point that our experimental design is not ideal to
study shear. The simulations employed in this study ap-
ply periodic boundary conditions along the horizontal,
i.e. shear axis direction. In our experiments, the two
fixed boundaries separated by width W give rise to spu-
rious effects not observed in simulations. Ideally such
an experiment ought to involve a Couette style annular
geometry as implemented in Ref. [26, 27] among other
works. We have adopted the design detailed above since
it affords a quick adaptation to our uni-axial compression
setup. Despite these design shortcomings and the sys-
tematics introduced by non-periodic or rigid boundaries,
as we show, the experiments do capture the primary fea-
tures of the numerical results, especially the predicted
power-law scaling by theory.
B. Experimental Protocol
The setup was prepared by placing the disks in the
experimental chamber in a random configuration and
then the movable shear boundary was electromagneti-
cally clamped rigid. The bottom compression boundary
was then activated to train the pack through repeated
uni-axial compression and decompression cycles in quasi-
static steps of 1 micrometer displacement, the step-size of
the motorized translation stage being controlled via feed-
back sensing from the capacitive displacement sensor as
explained in Ref. [19]. The compression was performed
in each cycle up to a maximum two-dimensional pressure
Pmax = 300 N/m and a total of n = 25 compression-
decompression cycles were performed to train the con-
figuration. At the end of n = 25 cycles, the bottom
uni-axial compression boundary was clamped rigid and
the electromagnetic clamps of the movable shear bound-
ary were deactivated. The stepper motor speed was then
set to the desired shear rate, the initial distance between
the top-fixed and movable shear boundary was recorded
with the capacitive sensor and the shear was turned on.
The dilation due to shear was continuously monitored
through the change in displacement recorded by the ca-
pacitive displacement sensor which was sampled at 10
KHz. Following an initial transient, the dilation settled
to a steady value modulo instantaneous fluctuations from
shear of the configuration. A long-time average over 100
seconds of shear was then taken to obtain the average
dilation displacement.
C. Experimental Results
To present the experimental results we begin with the
dilation as a function of shear rate. In the upper panel
of Fig. 9 we present the experimental data. In the lower
panel the experimental data is overlayed on the simula-
tion data that was shown before in Fig. 6.
One observes that the data of experiments and sim-
ulations mesh together quite well, despite differences in
boundary condition that are discussed in the next sub-
section. The experimental analog of Fig. 7 is shown in
the upper panel of Fig. 10. Our conclusion is that the
experimental results lend a strong support to the theory
and to simulation results.
D. Comparison of theory and experiments
There are protocol differences between the simulations
and experiments. Firstly, the simulations employ com-
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FIG. 9. (Color online). The dependence of the average dila-
tion on shear rate and friction coefficient. Upper panel: ex-
perimental results for three values of the friction coefficient.
Lower panel: experimental and simulational results shown to-
gether. Note how well the data for many values of the friction
coefficient enmesh properly, showing a close correspondence
between the simulations and the experiment.
pression and shear using the same boundary whereas
the experiments apply compression-decompression cycles
from one boundary and apply shear from the opposite
boundary. Secondly, the simulations employ periodic
boundary conditions which the experiments do not im-
plement as explained in the previous section. Frictional
granular media are well known for strong dependence on
protocol and preparation history. Despite the differences
in protocol between simulations and experiments, we find
the 1/n power-law scaling holds in the experiments point-
ing to the robustness of the theoretical predictions. Ad-
mittedly, the constant pre-factor in the experiments is
slightly higher than that observed in simulations but it
is still O(1). Similarly, the experimental power-law slope
is also slightly greater than 1/n which we attribute to
systematic effects arising from fixed boundaries, but the
power-law trend does exist.
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FIG. 10. (Color online). Upper panel: The experimental
results for A[Dn+1 − Dn] vs n for four different shear rates.
The black line is a best fit reading 1.3n−1.08 . Lower panel:
the experimental results together with the simulation results,
with the black line being the best fit reading 1.13n−1.06 .
V. CONCLUDING REMARKS
The main point of this paper is that training a fric-
tional granular system by compression-decompression cy-
cles can “clean” an “as compressed” system from ran-
dom effects that complicate the interpretation of rheolog-
ical properties. In the present example we examined the
amount of dilation caused by shearing the system with
a give shear rate γ˙. After training with n compression-
decompression cycles the scaled dilation Dn(γ˙) could be
predicted since the series converges with a universal scal-
ing exponent n−1. The pre-factors could be also esti-
mated from the knowledge of the equally generic n−1
dependence of the associated series Φn of the packing
fraction after n cycles. One should note that in both the
simulations and in the experiments finite size effects are
significant, introducing errors of the order of unity in the
coefficient C of Eq. (3), in the value of Φ∞ and in the
values of D(Φ∞, γ˙). All these enter the coefficient A of
Eq. (20). Together they contribute to the scatter seen in
Figs. 7 and 10. Taking all this into account we consider
the agreement between theory and measurements quite
satisfactory. It appears quite worthwhile to continue in
the future to examine the effects of training and memory
8on disordered systems and their rheology.
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